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Abstract
We argue that the magnetic circular dichroism (MCD) of the hard x-ray Raman scattering (XRS)
could be used as an element selective probe of local spin polarization. The magnitude of the XRS-
MCD signal is directly proportional to the local spin polarization when the angle between the
incident wavevector and the magnetization vector is 135◦ or −45◦ . By comparing the experimental
observation and the configuration interaction calculation at the L2,3 andM2,3 edges of ferromagnetic
iron, we suggest that the integrated MCD signal in terms of the transferred energy could be used
to estimate the local spin moment even in the case where the application of the spin sum-rule in
X-ray absorption is questionable. We also point out that XRS-MCD signal could be observed at the
M1 edge with a magnitude comparable to that at the M2,3 edge, although the spin-orbit coupling
is absent in the core orbital. By combining the XRS-MCD at various edges, spin polarization
distribution depending on the orbital magnetic quantum number would be determined.
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I. INTRODUCTION
X-ray magnetic circular dichroism (MCD) has been one of the powerful tools to investigate
the electronic structure in magnetic materials. Particularly, owing to the orbital and spin
sum-rules,1,2 the MCD in the soft x-ray absorption spectroscopy (XAS) has been playing
crucial roles for elucidating the electronic structure at and around the absorption site.3 The
MCD measurements in x-ray emission and resonant inelastic scattering are also important
tools to clarify the electronic excitations in magnetic materials.4
Recently, the MCD in the hard x-ray Raman scattering (XRS) at the Fe L2,3-edges in
the ferromagnetic iron has been investigated.5,6 The XRS is a kind of non-resonant inelastic
x-ray scattering.7 In the process of photon scattering, where an incident photon of energy
~ωi is absorbed and a photon of energy ~ωf is emitted, the electron system in the initial
ground state of the energy Ei is excited to the final state of the energy Ef = Ei + ~ωi− ~ωf .
The final state of the XRS is essentially the same with that of XAS: A core hole is left
behind at the scattering site and an electron is added to the valence or conduction state.
Therefore, the XRS intensity as a function of transferred energy is similar to the soft x-
ray absorption coefficient as a function of the incident photon energy. Contrasting to the
XAS, the hard-in-hard-out feature of the XRS is preferable for bulk sensitive measurements
or the measurements under extreme conditions. In addition, the XRS can access the final
states that are inaccessible by the dipole transition, because the non-dipole transition matrix
elements become significant for shallow core excitation. By virtue of these features, the inner-
core-exciting XRS has been demonstrating its usefulness particularly to unveil the electronic
state of materials under extreme conditions.8 Recently, the electronic state of Fe in Fe2SiO4,
Fe2O3 and FeS under high pressure is discussed by analyzing the XRS spectra at the Fe
M2,3 edge, and a spin transition is revealed from the change of spectral curves in FeS.9,10 In
addition, XRS at the rare earth N and O edges has been extensively discussed.11,12
The XAS-MCD measurements are carried out in order to elucidate the orbital and spin
magnetic moment at the selected magnetic ion. In the analysis of the MCD signal, the
orbital- and the spin moment sum rules play central roles. However, it is also known that
the spin sum rule has some limitations. The core hole level j = l ± 1/2 should be clearly
separated for safe application of the sum rule. Teramura et al. showed that the deviation of
the rule could amount to 30% for Mn2+ and reached at 230% for Sm.13,14 The XAS-MCD
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signal can be observed also at the M2,3 edge of transition metals.15,16 However, it is quite
difficult to obtain the information about the local spin moment from the observed MCD
signal alone, because it is quite hard to apply the spin sum rule due to the smallness of
the spin orbit coupling (SOC) of the 3p hole, the strong 3p-3d Coulomb interaction, and
the remarkable super-Coster-Kroning decay.17 The MCD signal at the K-edge of transition
metals also have been observed. While it is bulk sensitive, we can only indirectly obtain the
information about orbital moment of the 3d state through the interaction between the 3d
and 4p states.18–20 It is worth noting that the spin sum rule21,22 of the X-ray photoemission
spectroscopy, in which both of the photon polarization and the spin of the emitted electron
are exploited and the magnetic dichroism is observed in the emission of electrons, can be
applied to estimate the ground state spin moment without the aforementioned shortcomings
of the XAS-MCD spin sum rule.
The XRS-MCD signals have been observed at the L2,3 edges of ferromagnetic iron by
Hiraoka et al.5 The observe MCD spectral curves as a function of the transferred energy
depend strongly on the angle αM (see fig. 1.), which is similar to the XAS-MCD spectral
curve at the angle αM ∼ 0◦ . In the previous paper,6 we analyzed the XRS-MCD signals
within a one-electron theory and discussed the relation between the spectral shape of the
MCD signal and the angle αM. We elucidated that the XRS-MCD signals can be considered
as a result of the interference of the scattering amplitude due to the charge transition with
that due to the electric, the orbital magnetic, and the spin magnetic transitions; their effects
differently depend on the angle αM. Particularly, at αM = 135◦ or −45◦, the magnitude of
the XRS-MCD signal is proportional only to the local spin polarization. Therefore, the
integrated XRS-MCD signal could be also used as a probe of local spin moment.
The magnetic Compton scattering (MCS) technique,23 which reveals the distribution
of the spin magnetic moment in the momentum space, and the x-ray magnetic diffraction
(XMD)24 also owes to the MCD effect. The mechanism causing the MCD in MCS and XMD
is different from that in XAS. The interaction between the magnetic field of radiation and
the electron spin and/or orbital magnetic moments brings about the MCD effects in MCS
and XMD. On the other hand, in the XAS, the spin-orbit coupling in the inner shell plays
essential roles in provoking the MCD signal, since the electric field of the radiation does not
directly couple to the orbital and spin magnetic moments. In the XRS, both mechanisms
can induce the MCD signal with the magnitude comparable to each other. In contrast to the
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MCS, XRS-MCD may have advantageous features: the element selectivity and the selection
rules in transition process. At αM = 135◦, the interference of scattering amplitude due to
the charge- and spin-transitions alone produces the MCD signal. Therefore, it is expected
that the XRS-MCD measurement could be used as a probe of local spin polarization at the
scattering site even if the SOC is absent.
The interaction between the 3p electrons and the 3d electrons is so large that the M-
edge excitation spectrum is expected to sensitively reflect the 3d state. Besides the XRS
or XAS, the M-edge excitation of transition metal has been well measured using Electron
Energy Loss Spectroscopy (EELS), or Kβ x-ray emission spectroscopy (XES). Utilizing the
surface sensitivity, the EELS is used to study the electronic structure in thin films.25 The
signal of the Kβ XES is bulk sensitive, and the spin dependent spectrum caused by the
3p-3d exchange interaction is useful to elucidate the 3d state.26 The dichroic effect of the Fe
Kα1 emission spectrum has also recently been observed.27 In addition to these techniques,
XRS-MCD may become a useful technique to understand the electronic structures under
extreme conditions with exploiting its bulk sensitivity, element and orbital selectivity.
In the next section, we briefly describe the XRS-MCD formula. The model used to
simulate the electronic state at the scattering site is described in Section III. In Section
IV we discuss the L2,3 and M2,3 edge XRS spectra by comparing the calculations and the
observations. The XRS spectra at the M1 edge is also demonstrated. The last section is
devoted to the concluding remarks. Demonstrations of the XRS-MCD spin sum rule are
involved in the last section.
II. SCATTERING INTENSITY AND MCD SIGNAL
We assume that the electronic state is excited from the initial state Φi with energy Ei to
the final state Φf with energy Ef by absorbing an incident photon of polarization ei, wave
vector qi, and energy ~ωiand emitting a photon of polarization ef , wave vector qf , and energy
of ~ωf . In the final state, a core hole is left behind at the scattering site and an electron
is added to the valence or conduction state. The scattering intensity may be proportional
to the factor
∑
Φf
∣∣∣〈Φf|∑i fˆ(xi)|Φi〉∣∣∣2 δE. Here, δE represents the energy conservation delta
function δ (∆E + Ei − Ef) with ∆E = ~ωi − ~ωf ; the operator fˆ is approximately given by
the sum of the charge, electric, orbital magnetic, and spin magnetic transition operators fˆC,
4
fˆE, fˆO, and fˆS, which are given in equations (1a-1d);6 xi refers to the position ri and spin
si operators of the ith electron. The transition operators fˆC, fˆE, fˆO, and fˆS are derived as
the first- and second-order perturbation in terms of the interaction between electrons and
electromagnetic field in the non-relativistic Hamiltonian.28 The perturbation terms of the
higher order than (~ωi/mec2)
2 may be safely ignored, where mec2 is the electron rest energy.
To handle the second-order perturbation terms, we assume that a core electron is excited
to form an intermediate state Φn and the electron successively comes down to an energy
level near the lowest unoccupied state to form a final electronic state Φf , and take the non-
resonant limit, in which we ignore the energy difference between the intermediate electronic
state energy En and the initial electronic state energy Ei in the energy denominator assuming
En−Ei  ~ωi, ~ωf . Then, we exploit the completeness of the intermediate electronic state
Φn, and neglect the terms of the order 1 − ωf/ωi. Thus, the transition operators may be
obtained as
fˆC (x) = ef · eieiQ·r, (1a)
fˆE (x) =
i∆E
αmec2
A ·G (Q, r) , (1b)
fˆO (x) = − iEQ
2mec2
A · Qˆ×L (Q, r) , (1c)
fˆS (x) = − iE
2mec2
h · σeiQ·r, (1d)
where σ, Q, A,and h are defined as σ = 2s/~, Q = qi − qf , A = (ef · qˆi) ei + (ei · qˆf) ef,
and h = ~ωf
E
(ei · qˆf) (qˆf × ef) − ~ωiE (ef · qˆi) (qˆi × ei) + ef × ei − (qˆf × ef) × (qˆi × ei); qˆi(f)
and Qˆ are the unit vectors qi(f)/qi(f) and Q/Q, respectively. EQ, and E¯ are energies defined
as EQ = ~cQ, and E¯ = ~ (ωi + ωf) /2, respectively. α is the fine structure constant. The
operators fˆE and fˆO are deduced from the terms including the linear momentum operator p =
−i~∇ using the formula given by Trammel.29 Vectors G (Q, r) and L (Q, r) are defined as
G (Q, r) = α
2
re
rg (Q · r) and L (Q, r) = 1
2
`
~f (Q · r) + f (Q · r) 12 `~ with g (x) = 1ix (eix − 1),
f (x) = −2i d
dx
g (x), and ` = −i~r × ∇; re is the classical electron radius. We refer to
the transition processes described by the operators fˆC, fˆE, fˆO, and fˆS as C-, E-, O-, and
S-transition, respectively.
The XRS-MCD experiment was carried out in the scattering geometry shown in figure 1.
The wave vector qf is perpendicular to the incident wave vector qi. In the experiment, the
polarization of the emitted photon is not detected while the incident photon polarization is
5
Figure 1. Schematics of scattering geometry in experiment. Coordinate and polarization vectors are
defined as shown. αM is the angle between the magnetization vectorM and the incident propagation
vector qi. The propagation vectors qi and qf of incident and emitted x-ray are perpendicular to
each other.
controlled. The polarization of the incident photon can be characterized by Stokes param-
eters P1, P2, and P3.30 Since the magnitude of the C-transition matrix elements are much
larger than the others, the total scattering intensity ITOT = I (P1, P2, P3) + I (P1,−P2, P3)
is approximately given only by the C-transition as (1 + P3)Iσσ,σσCC and the MCD signal
IMCD = I (P1, |P2| , P3) − I (P1,− |P2| , P3) is given by 2 |P2| Im(Iσpi,σσEC + Iσpi,σσOC + Iσpi,σσSC ),
where ImI represents the imaginary part of I; Iσpi,σσEC is given by
Iσpi,σσEC (∆E) = I0
∑
Φf
∑
i,i′
δE
〈
Φf|fˆσpiE (xi′)|Φi
〉∗〈
Φf|fˆσσC (xi) |Φi
〉
, (2)
with I0 = r2eωf/ωi. Here, the polarization vectors in the transition operator fˆσpiE are specified
as ef = efσ and ei = eipi. Iσσ,σσCC , I
σpi,σσ
OC , and I
σpi,σσ
SC are also given in the same manner.
The XRS intensity may be described as the sum of the scattering intensity from each
scattering site. We define the atomic transition matrix elements as
F ξηE =
∑
sz
∫
ψ∗ξ (r, sz) fˆ
σpi
E (x)ψη (r, sz) dr, where indices ξ and η refer to one of the spin-
orbitals in the 3d states and the 2p or 3p states at the scattering site, respectively; sz
represents the spin magnetic quantum number. F ξηC , F
ξη
O , and F
ξη
S are also defined in the
same manner. In the following, the orbital and spin magnetic quantum number of the
spin-orbital ξ(η) are expressed as mξ(η) and zξ(η). Thus, the wave functions ψξ (r, sz) might
be given as a product of the radial wave-function Rξ (r) = Rnξlξ (r), spherical harmonics
Yξ (rˆ) = Ylξmξ (rˆ), and spin function χξ (sz) = χzξ (sz),31 where nξ = 3, lξ = 2, mξ =
0,±1,±2, and zξ = ±1/2. The wave function ψη (r, sz) is also written in the similar form.
Functions eiQ·r, g (Q · r), and f (Q · r) can be written in the spherical harmonic expansion
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forms 4pi
∑
lm Y
∗
lm
(
Qˆ
)
ilwl (Qr)Ylm (rˆ), where wl (x) is jl (x), gl (x), and fl (x); jl (x) is the
spherical Bessel function with degree l, gl (x) = 1x
∫ x
0
jl (t) dt and fl (x) = 2x2
∫ x
0
tjl (t) dt,
respectively.
For the scattering geometry as shown in figure 1, the atomic transition matrix elements
are written as
F ξηC = 4pi
∑
lm
ilj˜l (Q)Y
∗
lm
(
Qˆ
)
(Ylm)ξη , (3a)
F ξηE =
4pii∆E
αmec2
∑
lmµ
ilg˜l (Q)Y
∗
lm
(
Qˆ
)
eµfσ (rˆµYlm)ξη , (3b)
F ξηO = −
4piiEQ
mec2
∑
lmµ
ilf˜l (Q)Y
∗
lm
(
Qˆ
) vµ ([`µYlm])ξη
4~
, (3c)
F ξηS =
4piiE¯
mec2
∑
lmµ
ilj˜l (Q)Y
∗
lm
(
Qˆ
)
qˆµf
(σµ
2
Ylm
)
ξη
, (3d)
where [`µYlm] = `µYlm + Ylm`µ and the index µ runs over 1, 0,−1; j˜l (Q), g˜l (Q), and f˜l (Q)
are radial integrals
∫
Rξ (r)h (r)Rη (r) r
2dr, where h (r) is jl (Qr), α
2
re
rgl (Qr), and fl (Qr),
respectively. The bracket (A)ξη represents the directional integral∑
sz
∫
Y ∗ξ (rˆ)χξ (sz)A (rˆ, s)Yη (rˆ)χη (sz) d
2rˆ. The vector components aµ(aµ) represent the
spherical contravariant (covariant) components of vector a.31 v is given by the vector product
efσ × Qˆ. The contravariant components (a1, a0, a−1) of the vectors efσ, qˆf , v, and Qˆ can
be written, as ( i√
2
, 0, i√
2
), (Cα√
2
, Sα,
−Cα√
2
) , (−Cβ√
2
,−Sβ, Cβ√2), and (−
Sβ√
2
, Cβ,
Sβ√
2
), respectively,
where Cα = cosαM, Sα = sinαM, Cβ = cos(αM + γ), and Sβ = sin(αM + γ) with γ ≈ pi/4.
The angle αM = 135◦ is found to be a special angle like as in XMD,32–34 which is called
S-position. Because Q = (0,−1, 0), thereby Ylm
(
Qˆ
)
=
√
(2l + 1) /4piδm0, the C-transition
conserves both of the total orbital angular momentum Lz and the total spin angular momen-
tum Sz. The E- and O- transition change the orbital angular moment Lz into Lz±1 because
the vector components e0fσ and v0 are zero so that only the matrix elements (rˆ±1Yl0)ξη and
([`±1Yl0])ξη could be non-zero, while they conserve Sz. The S-transition conserves Lz, but
changes Sz into any of Sz ± 1 and Sz. Inevitably, if we can assume that the electron sys-
tem conserves the z component of the total angular momentum Jz = Lz + Sz around the
scattering site when the electron system is not affected by the external perturbations, the
interference terms Iσpi,σσEC and I
σpi,σσ
OC would be zero. The terms which involve the spin-off-
diagonal S-transition in Iσpi,σσSC also would be zero. Even in case the angular momentum Jz
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is not conserved, if the powder approximation are allowed, the effect of such interference
terms would not appear on the scattering intensity. Consequently, only the terms which in-
volves the spin-diagonal S-transition in Iσpi,σσSC can contribute to the XRS intensity as MCD
signal. Further, the term Iσpi,σσS↑C↓ in I
σpi,σσ
SC consisting of the S↑-transition, in which an up-
spin electron is excited, and the C↓-transition, in which a down electron is excited, and the
term Iσpi,σσS↓C↑ consisting of the S↓-transition and the C↑-transition would not contribute to the
XRS intensity, because they have the same magnitude but have the opposite sign to each
other. Therefore, putting Mm =
∑
`M
(`)
m =
∑
` i
`
√
4pi (2l + 1)j˜` (Q) (Y`0)2m,1m , the term
Iσpi,σσSC (∆E) can be simplified as
Iσpi,σσSC (∆E) =
iI0√
2
E¯
mec2
∑
Φf
δ (∆E + Ei − Ef)
×
∑
mm′
M∗m′Mm
〈
Φi
∣∣∣p†m′↑dm′↑∣∣∣Φf〉〈Φf ∣∣∣d†m↑pm↑∣∣∣Φi〉
− {↑←→↓} . (4)
If we can assume that the 3p or 2p core states are completely occupied in the initial state
Φi, the integrated Iσσ,σσCC and I
σpi,σσ
SC in terms of the transferred energy ∆E can be related to
the hole number as ∫ EC
EE
dxIσσ,σσCC (x) = I0N1, (5a)
∫ EC
EE
dxImIσpi,σσSC (x) =
I0
2
√
2
E¯
mec2
S1, (5b)
where EE and EC indicate the transferred energy at the edge and an appropriate cutoff
energy, respectively. N1 and S1 are defined as N1 =
∑1
m=−1 |Mm|2 (hm↑ + hm↓) and S1 =∑1
m=−1 |Mm|2 (hm↑ − hm↓), and hm↑(↓) is the up (down) spin hole number in the 3d state
specified by the orbital magnetic quantum number m. Thereby, we obtain
S1
N1
= C
∫ EC
EE
dxIMCD (x)∫ EC
EE
dxITOT (x)
, (6)
with C =
√
2 (1 + P3)mec
2/ |P2| E¯.
On the other hand, when the angle αM = 0 or 45 degrees, which correspond to the L or
L+S position in the XMD, the XRS-MCD signals may show complex behavior because both
8
of IEC and IOC take part in the MCD signals. For the transition metal M-edge excitation,
although the transferred energy ∆E is much smaller than that for the L-edge excitation, the
E-transition is not negligible as shown later. If the transferred energy ∆E is so large that
the contribution IOC and ISC is negligible, the sum-rules similar to those in the XAS-MCD
might be established.
III. MODEL HAMILTONIAN AND CALCULATION METHOD
The configuration interaction (CI) calculation on the Anderson impurity model has been
applied to analyze the signals from several core-level spectroscopic experiment on ferro-
magnetic nickel and have given consistent explanations to the different spectra based on
the calculated electronic structure.35,36 Although the validity to apply this model for dis-
cussion on the spectroscopic properties of more strongly itinerant electron systems is not
guaranteed, we exploit the CI calculation on this model as a makeshift to demonstrate the
usefulness of the XRS-MCD in this study, because the electron-hole interaction is so large
that independent particle approximation may not be suitable for describing the M2,3-edge
excitation.
The 3d electron number of the Fe ion could be strongly fluctuating. We assume that the
3d electrons go back and forth between the 3d states under consideration and the electron
reservoir states, which are supposed to have d-symmetric states consisting of the 3d and/or
4s states around the scattering site. We prepare the ten different levels ναm (α = 0, 1 and
m = −2,−1, . . . , 2) as electron reservoir states. The initial electronic state might be sym-
bolically expressed as |Φi〉 = A |d8νn0+2〉+B |d7νn0+3〉+C |d6νn0+4〉 ,where dmνn represents
the configuration, in which m electrons occupy the 3d states under consideration and n
electrons do the reservoir states. A |dmνn〉 represents the linear combination ∑cAc |dmνn〉c
over the configurations belonging to the states specified as dmνn.37
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We assume the model Hamiltonian for simulating the electronic state as
H =
∑
ξ
Edndξ +
∑
αξ
Eαnαξ +
∑
αξ
V
(
d†ξcαξ + c
†
αξdξ
)
+ Udd
∑
ξ<ξ′
ndξndξ′ + Upd
∑
ξη
ndξnpη
+Hdd
(
F 2dd, F
4
dd
)
+Hpd
(
F 2pd, G
1
pd, G
3
pd
)
−∆molzξndξ +HdSO (ζd) +HpSO (ζp) , (7)
where, d†ξ, dξ, and ndξ represent the creation, annihilation, and number operators for the
spin-orbital ξ in the 3d state at the site under consideration. c†αξ, cαξ, and nαξ represent
the creation, annihilation, and number operators for the spin orbital ναmξzξ in the reservoir
states. npη represents the number operator for the spin-orbital η in the 2p or 3p states. The
parameters Ed and Eα representing the one electron level are assumed to be 0 eV, −0.2×α
eV. The parameters Udd and Upd corresponding the averaged 3d-3d and 2p(3p)-3d Coulomb
interaction are assumed to be 3.5eV and 5.0 (3.5) eV. The hybridization V is assumed to be
1.1 eV. The Slater integrals F 2dd, F 4dd, F 2pd, G1pd, and G3pd are assumed to be 80% of the atomic
values. The parameters ζd and ζp of the spin-orbit coupling HdSOand HpSO are assumed to
be the atomic values. These atomic values are calculated by using Cowan code.38 We add
the molecular field term −∆molzξndξ in order to simulate the ferromagnetic ground state.
The parameter ∆mol is assumed to be 1.9eV, which corresponds to the observed exchange
splitting value ε (H25↑) − ε (H25↓).39 We numerically diagonalize the Hamiltonian to obtain
the initial ground state, in which the d electron number, spin moment, and orbital moment
are about 7.0, 2.2µB, and 0.054µB, respectively. The weights A, B, and C are |A|2 = 23.7%,
|B|2 = 55.7%, and |C|2 = 20.6%, which may be consistent with the stronger itinerancy than
ferromagnetic Ni.35,36
Scattering operators fˆσpiE can be expressed in the second quantization form using the
atomic transition matrix elements F ξηE : fˆ
σpi
E =
∑
ξη F
ξη
E d
†
ξpη within the model used. The
terms Iσpi,σσEC are given by I
σpi,σσ
EC =
I0
2pii
〈
Φi
∣∣∣fˆ †E [R (z)−R (z∗)] fˆC∣∣∣Φi〉 ,whereR (z) = 1/ (z −H)
with z = ∆E + Ei − H − iΓ and z∗ = ∆E + Ei − H + iΓ. The other terms Iσσ,σσCC ,
Iσpi,σσOC , and I
σpi,σσ
SC also can be given in the same manner. To calculate these terms
we can use the recursion method with assuming that the final states be described as
|Φf〉 = A′ |p5d9νn0+2〉+B′ |p5d8νn0+3〉+ C ′ |p5d7νn0+4〉, where pn indicates the states that n
electrons are accommodated in the 2p or 3p state. It is well known that the term-dependent
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core-hole lifetime due to the 3p-3d3d super-Coster-Kroning decay plays significant roles for
explaining the observed spectral shape in the M-edge spectroscopy.40 Such core-hole decay
processes are not taken into account in our model Hamiltonian. Taguchi et al. assumed
that the core-hole lifetime broadening Γ of 3p hole is linear on the relative excitation en-
ergy in order to investigate the emission spectra from manganese oxides.26 Although we
have no substantial reasons, we assume the broadening Γ linearly depending on the relative
excitation energy, when comparing the calculated and observed spectra at the M2,3 edge.
As shown later, we obtain plausible results for both of the L2,3 and M2,3 edges XRS
spectra. The spectral shape is not sensitive on the model parameters as far as we use the
initial state in which the 3d electron number is about 7.0 and the spin moment is about 2.2µB.
However, the validity of the calculated spectra based on the above mentioned approximation
is probably quite limited. In the spectral shape at the M2,3 edge, several inconsistencies are
found between the observation and the calculation. Nevertheless, we hope that the results
are of value to provide insight into the XRS-MCD and understand its usefulness.
IV. RESULTS AND DISCUSSIONS
A. Fe L2,3 edge
In the previous papers,5,6 we investigated the XRS-MCD at the Fe L2,3 edge within
independent particle approximation using band structure calculation based on the local spin
density approximation. At the L2,3 edge, the dipole transitions dominates the scattering
intensity and the MCD signal, in which the form factors j˜1 (Q), g˜0 (Q), and f˜1 (Q) are
relevant. In figure 2, we compare the total intensities calculated by the CI calculation
and the band calculation with the experimental observation.41 Both of the calculations well
reproduce the observed spectral curve. The observed L3 peak, concentrating around the
transferred energy 705 ∼ 714eV, looks consisting of a main peak about 708eV and a shoulder
structure around 712eV. This shoulder structure seems not to be properly reproduced by
the calculations: The one-body calculation does not give the shoulder structure, on the other
hand the CI calculation seems to provide too strong intensity for the shoulder structure.
The total intensity after background subtraction and the MCD signals are shown in figure
3 in comparison with those obtained by the CI calculation. The Stokes parameters of the
11
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Figure 2. (color on line) Total XRS intensity as a function of the transferred energy and the
calculated intensity ICC. Thin sold line with circle symbol represents the observed intensity without
background subtraction. Thick solid, and broken lines are the spectral curves calculated by the CI
calculation and the band structure calculation, respectively. Lifetime broadening is assumed to be
Γ3 = 1.4 and Γ2 = 0.9 eV.
incident beam polarization are assumed as |P2| = 0.6 and P3 = −0.8. The CI calculation well
reproduces the observed MCD signals both on the relative intensity to the total intensity,
the sign of MCD signal, and their dependence on the angle αM. In the most right panels, the
spectral curves of the intensity ICC, and the MCD components ImIEC, ImIOC, and ImISC
at the angle αM = 0◦ and 135◦ are also shown. At the angle αM = 0◦ , ImIEC dominantly
contributes to the total MCD signal, while at the angle αM = 135◦ , ImIEC and ImIOC are
completely suppressed and only ImISC contributes to the total MCD signal. We note that
at the angle αM = 0◦, the MCD component ImISC is not completely zero; it would be zero
if we assume the powder approximation. The results obtained by the CI calculation are
essentially the same with those calculated by the band calculation6.
B. Fe M2,3 edge
The relative magnitude of ImISC to ICC is independent of the edges, because ISC is
directly proportional to the 3d spin moment in accordance with eq. (4). At the Fe M2,3
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Figure 3. (color online) The observed total intensity after background subtraction (left) and the
calculated total intensity (center) are shown in the top panels, respectively. The total XRS signals
at αM = 15◦ and 135◦ are shown with red dashed and black solid curves. MCD signals at the
corresponding angle αM are shown in the second and third rows. The integrated MCD signals
are shown in bottom panels. In the right panels, the spectral curves of the intensity ICC, ImIEC,
ImIOC, and ImISC at the angles αM = 0◦ and 135◦ are shown with lifetime broadening Γ = 0.14eV.
edge, the MCD signal at the angle αM = 135◦ might be observed with the same relative
magnitude to the total intensity as at the L2,3 edge. At the Fe M2,3 edge the octupole
transition becomes significant as well as the dipole transition for the high Q scattering.
Figure 4 shows the observed and calculated total intensities as a function of the transferred
energy at the scattering angles 2θ = 23◦ and 90◦ , which correspond to the scattering vector
Q = 1.1 and 3.5 a.u., respectively. At the scattering angle 2θ = 23◦ , the intensity is
dominated by the dipole transition. As the scattering vector becomes larger, the octupole
transition become dominant and the dipole transition becomes subordinate; the intensity
around the transferred energy 53 ∼ 55 eV become intense and the intensity above 55 eV
becomes weak. A similar tendency can be seen in the XRS spectra on iron oxides.10 In
order to compare the observation and the calculation, we naively assume that the life-
time broadening is Γ = max (0.1E + 0.14, 0.14) eV, where E is the relative transferred
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Figure 4. (Color online) Observed and calculated total XRS intensities as a function of the trans-
ferred energy. Black thin and red thick lines are the intensities at the scattering vector Q = 1.1
and 3.5 a.u. corresponding to the scattering angles 2θ = 23◦ and 90◦, respectively.
energy from the edge. Although the calculated spectra resemble the observed one, they
show discernible inconsistencies at the scattering angle 2θ = 90◦. In comparison with the
observed spectra, the calculated intensity above the transferred energy 55 eV, which is
mainly caused by the dipole transition, looks to be quite overestimated, or the intensity
around the transferred energy 53 eV, which is mainly caused by the octupole transition,
looks to be underestimated. In order to improve the calculated spectral curve, it might
be necessary to explicitly take account of the super-Coster-Kroning decay process into the
calculation. In the vicinity of the edge, the low-lying electron-hole-pair excitations might
be essential for the shape of the peak.42,43 In spite of the noticeable deviation between the
experimental observation and the calculation, we expect that the results could give us better
understanding of the XRS-MCD.
Left panel in figure 5 shows the observed spectra as a function of the transferred energy
at the angles αM = 15◦ and 135◦. Contrasting to the L-edge spectra, the spectral curve of
the MCD signal at αM = 15◦ is rather simple: its magnitude is very weak and the shape
is similar to that at αM = 135◦, which are also similar to the total intensity. This might
suggest that the contribution of ImIEC and ImIOC are suppressed and ImISC dominates the
MCD signal. Right panel shows the calculated spectra corresponding to the observation
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Figure 5. (color online) Observed spectra (left panel) and calculated spectra (right panel) are shown
as a function of the transferred energy. The total intensity after subtracting the background, the
MCD signal, and the integrated MCD signal are shown in top, middle, and bottom panels. The
signals for the angle αM = 15◦ and 135◦ are indicated by red cross symbols and broken lines, and
the black circle symbols and solid lines.
with the polarization parameters |P2| = 0.6 and P3 = −0.8. The sign of the MCD signal,
the relative magnitude of the MCD signal to the total intensity and the shape of the spectral
curves are rather well reproduced by the calculation.
The left panel in figure 6 shows the intensities ICC ImIEC, ImIOC, and ImISC as a function
of the relative energy of the final states at the angle αM = 0◦, 15◦, and 135◦. It is found that
ImIEC and ImIOC can be almost canceled out to each other near αM = 0◦. Consequently,
the the MCD signal at αM = 15◦ are dominated by ImISC. At the L-edge, this cancellation
is insufficient: ImIEC dominates the MCD signals at αM = 15◦. At αM = 135◦, the MCD
signals due to ImIEC and ImIOC are completely suppressed, so ImISC alone contributes to
the MCD signals. Thus, the MCD signals reflect only the spin polarization in the 3d orbitals
of the orbital magnetic quantum number m = 0,±1. It may be worth noting again that
ImISC is not identically zero even at the angle αM = 0◦ .
The left panel in figure 6 shows the calculated intensities due to the dipole transition
alone and the octupole transition alone. The dipole and octupole transitions dominate the
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Figure 6. (Color online) Left panels show the intensities ICC, ImIEC, ImIOC, and ImISC from top
to bottom as a function of relative energy of the final states at αM = 0 (dashed line), 15◦ (dot-dash
line) and 135◦ (solid line). Right panels show the decomposed intensities into the parts due to the
dipole (thin line) and octupole (thick line) transition processes. Dashed and solid curves indicate
the results at the angle αM = 0◦ and 135◦. The life time broadening is assumed to be Γ = 0.14 eV.
intensities in the range of 2.5 ∼ 10 eV and the range of 0 ∼ 2.5 eV, respectively. The effect
of the interference between them does not look significant in the intensity ICC. On the
other hand it could not be ignored for producing the spectral structure of the MCD signal.
Therefore, the detailed information about the electronic structure might be obtained from
the analysis of the XRS-MCD signal.
C. M1 edge
The MCD signal would be observed even at the M1 edge with the magnitude comparable
to the M2,3 edge, because ISC reflects the 3d spin polarization through the interaction h ·σ
between the electron spin and the radiation field in Eq. (1d). The quadrupole transition, in
which the factors j˜2 (Q), g˜1 (Q), and f˜2 (Q) are relevant, dominates the excitation process
(3s→3d) at theM1 edge. Due to the absence of the SOC in the 3s orbital, ImIEC and ImIOC
are supposed to be small; those signals just reflect the 3d orbital polarization due to the
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Figure 7. (Color online) The intensity ICC and the MCD components ImIEC, ImIOC, and ImISC
as a function of relative energy of the final states at αM = 0◦ (dashed line), 15◦ (dot-dash line) and
135◦ (solid line) for the M1 edge XRS. The life time broadening is assumed to be Γ = 0.14 eV.
SOC in the 3d states. It is expected that ImISC would be as large as that in the M2,3 edge.
Thus, the MCD signal caused by only the 3d spin polarization would be observed.
In figure 7, the calculated M1 edge XRS and the MCD spectra are shown. The relative
magnitude of the MCD signal to the total intensity is in the same order with that in theM2,3
edge spectra at the angle αM = 135◦. At this angle αM, the MCD components ImIEC and
ImIOC are suppressed, so that the component ImISC alone contributes to the MCD signal.
Therefore, the MCD signal reflects only the spin moment of the 3d orbital with the orbital
magnetic quantum number m = 0. At the angle αM = 0◦, the component ImISC is almost
suppressed because the SOC in 3s orbital is absent and the SOC in the 3d orbital is very
small. The components ImIEC and ImIOC only weakly contribute to the MCD signal due to
the smallness of the SOC in 3d orbital. Because they are very small and have opposite sign
to each other, the total MCD signal would be too small to be observed at the present stage.
Putting M ′0 = −
√
12pij˜2 (Q) (Y20)20,00 , the integrated intensity I
σσ,σσ
CC and component
ImIσpi,σσSC at the angle αM = 135
◦ might be given by∫ EC
EE
dxIσσ,σσCC (x) = I0M
′2
0 (h0↑ + h0↓), and
∫ EC
EE
dxImIσpi,σσSC (x) =
1
2
√
2
E¯
mec2
I0M
′2
0 (h0↑ − h0↓),
respectively. Therefore, the ratio of the integrated MCD signals to the integrated in-
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tensity could give the spin polarization ratio (h0↑ − h0↓) / (h0↑ + h0↓) in the 3d orbitals
with the magnetic quantum number m = 0 as C
∫ EC
EE
dxIMCD (x) /
∫ EC
EE
dxITOT (x) with
C =
√
2 (1 + P3)mec
2/ |P2| E¯.
V. CONCLUDING REMARKS
We investigated the XRS-MCD spectra by comparing the observed and the theoretically
calculated spectra at the L2,3 and M2,3 edges of ferromagnetic iron. We used the configu-
ration interaction calculation on the Anderson impurity model as a makeshift to simulate
the electronic structure of iron at the scattering center. The calculation reproduced the ob-
served spectra rather well in spite of the awkward approximation for the strongly itinerant
system. For more detailed analysis, we would need a more sophisticated approximation and
a model which could appropriately reproduce the multiplet structure in the excited state
with taking into account both of the localized and itinerant nature of the 3d electrons in
the ferromagnetic iron. For the localized electronic systems, the model used here may give
more plausible results.
The MCD signals consist of the three components ImIEC, ImIOC, and ImISC. Their
angle αM dependences of them are different. Particularly, at αM = 135◦ in the right angle
scattering condition, ImIEC and ImIOC are suppressed if the total Jz around the scattering
site is conserved or in the situation where the powder approximation is proper. At this
scattering geometry, the orbital magnetic quantum number m is conserved both in the C-
and S- transitions. The intensity ICC is proportional to the 3d hole number, while the
MCD component ImISC is proportional to the difference of the number of the up and down
3d holes. Therefore, the information of the spin polarization in the 3d orbitals with the
magnetic quantum numbers m = 0,±1 may be obtained.
Here, we demonstrate the XRS-MCD spin sum rule at αM = 135◦. The ratios of the inte-
grated MCD signal and the total signal in the observation
∫ EC
EE
IMCD (x) dx/
∫ EC
EE
ITOT (x) dx
is estimated to be 0.025 ∼ 0.031 at the L2,3 edge with EE = 700 ∼ 705 and EC = 730 ∼ 740
eV. The ratio at the M2,3 edge is estimated to be 0.024 ∼ 0.029 with EE = 45 ∼ 51 and
EC = 70 ∼ 80 eV. Using Eq. (6), these ratios lead to the spin polarization ratio S1/N1
as 0.59 ∼ 0.73 for the L2,3-edge assuming E¯ = 10.2 keV and 0.58 ∼ 0.70 for the M2,3-edge
assuming E¯ = 9.9 keV. The value S1/N1 obtained by the CI calculation is 0.744 for both
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the L2.3- and M2.3-edges. Assuming that the 3d states accommodate 3.0 holes per an iron
atom, that h0↑(↓),
(
h1↑(↓) + h1↑(↓)
)
/2, and
(
h2↑(↓) + h2↑(↓)
)
/2 equal to each other, the local
spin moment is estimated to be 1.7 ∼ 2.3µB. The estimated value of the spin moment has
large ambiguity at present mainly due to smallness of the signal accumulation, we hope
that the difficulties in XRS-MCD experiment will be o\ in future with the progress of the
instrumentation.
We also demonstrated the XRS-MCD at the M1 edge. Because the MCD components
ImIEC and ImIOC are mainly caused by the SOC in the core state, they are almost suppressed
and only weakly induced by the SOC in the 3d state. On the other hand, the magnitude
of the MCD component ImISC is comparable to that for M2,3 edge because it reflects the
spin polarization in the 3d state. At the angle αM = 135◦, it reflects the spin polarization
in the 3d state with the magnetic quantum number m = 0. Therefore, the information of
the spin polarization in the 3d orbitals with the magnetic quantum numbers m = 0 can be
obtained. By analyzing the MCD spectra at the M1-edge together with the M2,3 edge, it
might be possible to obtain the orbital resolved spin polarization. We have not yet known
such a simple procedure to obtain the information on the orbital moment so far.
It is well known that the application of the spin sum rule in the XAS-MCD requires
careful consideration.13,14 Contrasting to the XAS-MCD, the sum rules (5a) and (5b) do
not subject to such a restriction. At angle αM = 135◦, the transition processes leading to
the MCD component ImISC and the intensity ICC are almost equivalent. Every final state
due to the C-transition and the S-transition coincide. In the S-transition, the sign of the
scattering amplitude is determined by the spin magnetic quantum number of the excited
electron. Thus, it is expected that any decay processes result in the same effect on the
spectral shape of the total XRS intensity and the MCD signal. Therefore, analyzing the
total intensity and the MCD signal, we would be able to obtain the information of the spin
polarization in the 3d state. If we exploit the M1, M2,3, and M4,5 excitations to investigate
the 4d states, the orbital decomposed (|m| = 0, 1, 2) information about the spin polarization
could be obtained. At angle αM = 135◦, the total intensity and the MCD signal would show
a quite similar spectral curves to each other for the complete ferromagnetic state. For the
incomplete ferromagnetic state, these might show different spectral curves. The spin resolved
spectral curves might be obtained by analyzing the total intensity and the MCD signal. We
hope the XRS-MCD will become one of useful tools to investigate the spin polarization of
19
the magnetic ions such as the XMD and the MCS.
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